ASYMPTOTICS FOR A RESONANCE-COUNTING FUNCTION 
FOR POTENTIAL SCATTERING ON CYLINDERS 



T. CHRISTIANSEN 



Abstract. We study certain resonance-counting functions for potential scat- 
tering on infinite cylinders or half-cylinders. Under certain conditions on the 
potential, we obtain asymptotics of the counting functions, with an explicit 
formula for the constant appearing in the leading term. 



1. Introduction 

We study potential scattering on infinite cylinders and half-cylinders. In par- 
ticular, we give some sharp upper bounds and some asymptotics for resonance- 
counting functions in this setting. 

Let X = (—00, 00) xy, or [0, oo)xY, where y is a smooth compact, connected 
manifold, with or without boundary. We consider the product metric 

(dxf +gY, 

where gy is a smooth metric on Y. Let A be the Laplacian on X, with Dirichlet or 
Neumann boundary conditions if X has a boundary. We consider operators A-fT^, 
where l^eL-„p(X;C). 

Let Ay be the Laplacian on Y, with boundary conditions if necessary, and 
let {(^j}, trf < ctI < cr| < ... be the set of all eigenvalues of Ay, repeated according 
to their multiplicity, and let lyf < 1^2 < i^i < ■■■ be the distinct eigenvalues of Ay. 
Then the resolvent of the Laplacian A on X, or oi A + V, for V G L'^^^^p{X), has a 

meromorphic continuation to the Riemann surface Z on which rj{z) = {z — v])^^'^ 
is a single- valued function for all j Thus the resonances, poles of the 

meromorphic continuation of the resolvent, are points in Z. In many settings, 
resonances correspond to waves which eventually decay. Additionally, they are 
in many ways analogous to eigenvalues. Because of this, they have been widely 
studied- see ^HEIEHI for an introduction to resonances and for further references. 

Here we study a simple case of scattering on manifolds with infinite cylindrical 
ends. The spectral and scattering theory of such manifolds exhibits some character- 
istics one expects both from one-dimensional scattering and from n-dimensional 
spectral theory (if dimX n). The resonance-counting functions we consider 
here demonstrate the one-dimensional nature of the scattering. Evidence of the 
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71-dimcnsional nature can be seen, for example, in the Weyl asymptotics or in the 
maximal rate of growth of the eigenvalue-counting function |^ I14j . It also appears 
in some resonance-counting functions, e.g. 0j. 

For ^ e C \ [iyf,oo), Rv{z) = {l^ + V - z)"i is bounded on L'^{X) ex- 
cept, perhaps, for a (perhaps infinite, if V is complex-valued) set of points cor- 
responding to eigenvalues. Considered as a map from Ll^^^{X) to H'(^^{X), Ry 

has a meromorphic continuation to the Riemann surface Z described earlier. Let 

rj{z) = (z - t'l)^^^ and let fkiz) = rj{z) if al = v^. 

Theorem 1.1. Let X = (-cx), oo) x Y and let V £ L'^^p{X;C). Fix a sheet of 

Z, and suppose that Imrj„(z) < on this sheet. Then, there is a constant cy^e > 
such that for any a > 0, 

^{zfc : Zk is a pole of Rv{z) on this sheets 

kjo(2fc)l < Imrj„(zfc) < -a} = cv,£r + Oair) 

The constant cv.e depends on the potential V and the sheet (indicated by £). More- 
over, 

cv,£ < — ( max \x — x'\ \ ^{l : Imf/(z) < when z lies on this sheet}. 

(x',j/')Gsupp y / 

Here, as everywhere, we count resonances with multiplicities. The error term 
0a{r) depends on V and on the sheet as well as on a, of course. 

We remark that this bound on the constant cy.s is sharp, as can easily be 
seen by considering a potential that depends only on x, and using the results of 
[T7| or for potential scattering on the line. 

Although Theorem 11.11 gives, in some sense, asymptotics of a resonance- 
counting function, it does not give meaningful lower bounds on the size of cv,s- In 
some settings we are able to actually determine cy.g, but we need some additional 
conditions on V . 

Let {(jij} be an orthonormal set of eigenfunctions of Ay associated with ct|. 
By translating if necessary, we can, in the case of the full cylinder, arrange that 
for some 6 G M, the support of V is contained in [—6, h\ x y, but is not contained 
in the product of any smaller interval with Y . 

Theorem 1.2. Let X = (— oo,cxd) x Y and suppose that the support of V is 
contained in [—6, h] x Y and the interval [—6, b] cannot be replaced by a smaller 
one. Restrict ourselves to a sheet of Z with Imrj(z) < if and only if j = jq. 
Suppose that v^^^ is a simple eigenvalue of Ay , with , and that 

(1) 

C\ViM\=C\ j^V{x,v)\c^iM?d^o\Y\> \V{x,y)l for\x-b\<e, \x + b\<e 
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for some C, e > 0. Then, for any a > 0, 

^{zk : Zk is a pole of Rv{z) on this sheet, \rj^{zk)\ < r, lvarj,^{zk) < —a} 

4 

= —br + Oa{r). 

TT 

In Section 01 we give an example of a nontrivial complex-valued potential 
for which is not satisfied and for which the conclusion of the theorem does 
not hold. Moreover, for this potential cv,e = for at least one (non-physical) 
sheet. This gives an example of some behaviour which is even asymptotically truly 
different from that demonstrated by scattering by the family of potentials V{x). 
Moreover, this means that potential scattering on cylinders provides an example 
of a setting in which even the order of growth of a resonance-counting function 
may vary depending on the potential. 

In Section^we prove a theorem which gives another situation in which we can 
determine cv,£- In Section[Slwe give some analogous results for potential scattering 
on half-cylinders. 

Scattering on cylinders bears some resemblance to potential scattering on the 
line. On the line, the distribution of resonances has been studied in 1151 [T7j . 
The complicated nature of Z makes more difficult the question of bounding the 
number of resonances in the cylindrical end setting. Earlier results on resonances 
for manifolds with cylindrical ends include [2 El El El j and references. For general 
scattering theory on manifolds with cylindrical ends, references include |lllll8j . 

2. Preliminaries and notation 

Let rj{z) = {z — i^jY^^ and identify the physical sheet of Z as being the part 

of Z on which Imrj(z) > for all j and all z and on which Rv{z) is bounded on 
for all but a discrete set of z. Other sheets will be identified, when necessary, 
by indicating for which values of j Imrj(z) < 0. Each sheet can be identified with 
C\ [z^J, oo). With this language, there are points in Z which belong to no sheet but 
which belong to the boundary of the closure of two sheets, and the ramification 
points, which correspond to {I'j} and belong to the closure of four sheets (except 
for ramification points corresponding to I'f). We note that sheets that meet the 
physical sheet are characterized by the existence of a J £ N such that 

Imrj(z) < for all z on that sheet if and only if j < J. 

We can associate to a fixed sheet of Z a set £ C N, 

£ = {j : lmrj{z) < on this sheet}. 

We shall call £ the labeling set. Let 

£ = {I E ^ : (jf = I'j for some j G £}. 

Let {(j>j} be an orthonormal set of eigenfunctions of Ay associated with {(j'j}. 



4 



T. CHRISTIANSEN 



In general, we shall use z to stand for a point in Z and n(z) to represent its 
projection to C. For w G M™, {w) (1 + jwp)-'^/^. We will denote by C a constant 
whose value may change from line to line. 

Next we recall some results and language of complex analysis, e.g. and 
recall a theorem we shall need on the distribution of zeros of functions which are 
"good" in a half-plane. 

We shall often work with functions that are holomorphic not in the whole 
plane but are holomorphic within an angle (dx^d^). A function F holomorphic in 
an angle (6'i, 62) is of order p there if 

lnln(sup,e,^,,JJ^(re'«)|) 
r 

A function of order p in the angle (Q\, 62) is of type r there if 



linir 



A function of order 1 and type r < cxd (in an angle (01,6*2)) is said to be of 
exponential type there. Of course, p and t can depend on 61 and 62. 

The indicator of a function F holomorphic in an angle 9i < arg C, < 62 and 
of order p is 

ln|F(re*'')| 



hp (6) = lim^ 



A function F is of completely regular growth within the angle (6*1, 62) if 

\n\F{re'^)\ 



lim 



rP 



hpie) 



where the set E C M+ is of zero relative measure and the convergence is uniform 
for (01,02). 

We shall abuse notation slightly and also use the language above for a function 
that is holomorphic for 9i < arg^ < 02 and C outside of a compact set. 

For a function / defined in the lower half plane, let n^_(r) be the number 
of zeros of /, counted with multiplicity, that lie in the lower half-plane and have 
norm less than r. 

Theorem 2.1. Suppose /(C) is holomorphic in the closed lower half plane Im^ < 
0, 

1/(01 <Ce'^l«l 

there, /(O) = 1, 

d[arg/(t)] 



dt 
In 1/(^)1 



-dt 



< 00 



dt 



< 00. 
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Then 



The proof of this theorem can be found in |S| . It is an adaptation of arguments 
of [El Chapter III, Section 2] and [H Theorem 3, Chapter III, Section 3]. 

We note, moreover, that the assumptions of Theorem 12 . II mean that / is a 
function of completely regular growth in the lower half-plane and that hf{9) = 
Cf\ s'm9\ ior TT < 9 < 2tt. 

3. Proof of Theorem 11.11 

As in 10 , here we find a matrix B so that the poles of the resolvent in the 
region in question are included in the zeros of det(/ + i?). We study the properties 
of the matrix B, and then apply Thcorcm l2.1l Recall that here X = (— oo, oo) x Y. 

Let 

OO 

(2) Ro{z) = (A - z)-i = J2 ^^'''"''''■^■^'^ E MvWy')- 

Then 

{A + V - z)Ro{z) = I + VRoiz). 

Since -Ro(^) has no null space, away from the ramification points of Z, Rv{z) has 
a pole if and only if / + VRq{z) has nontrivial null space (and the multiplicities 
agree) . 

If £ C N is a finite set, define W£ : Z Z a.s follows. To z we may associate 
the set of square roots {rj{z)}. Then W£{z) may be determined by saying it is the 
element of Z associated to the set {rj{w£{z))}, with 



r (wAz))-l '^^^^ 
^^^^ r,(z), \fj^£. 



Suppose we now restrict ourselves to consider only z lying on the sheet with 
Imrj(z) < if and only if j G £. 
Then W£{z) lies in the physical sheet. Moreover, 

/ + VRoiz) = (/ + VRoiw£iz))) + VRoiw£iz))r^ V [Rniz) - Roiw£iz))] 



(3) = (/ + VRo{w£iz))) [/+[/ + VRo{w£iz))]-^ Ai{z) 

where Ai{z) has Schwartz kernel 

^ 2r/(z) 
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If \ lmll{ws{z))\ > \\lmV{x, y)\\L'» , then I + VRo{w£{z)) is invertible. If we re- 
strict ourselves to such z, then, the poles of the resolvent of A + y are given by 
the zeros of 

det(/ + ^2(2)), 

where A2{z) is 

lei 

with 

^i±{x,y,z) = e^'''^'^''<i>i{y) 

^i±{x,y,z) = [{I + VRo{we{z)))-' {V^i±){;z)) {x,y) 
^i,±{x,y,z) = e^'''^^^%{y). 
Here we use the notation 

{f ® g)h{x,y) = f{x,y) / g{x' ,y')h{x' ,y')d\o\x ■ 



One can then sec that the zeros of / + ^2(2) are the same as the zeros of 
I-\-A2(z)x, where x G I^mmpi^) is one on the support of y. The zeros oiI+A2{z)x 
are the same as the zeros of det(/ + B{z)), where 

B++{z) B_+{z) 



(4) B{z) - 

B+± = {b+±ij)i,jes^ = ib-±ij)i,je£' ^"^^ 



(5) 



b-Tuiz) 



2fi{z) 



2fi{z) 



iPj+{x, y, z)x{x, y)*;q=(a;, y, z)dvolx, 

/ <Pj-{x,y,z)x{x,y)'^izf{x,y,z)dvolx ■ 
J X 



We shall first obtain upper bounds on the entries in the matrix B, and thus 
on dct(/ + B{z)). To do so, we will use the following lemma. 

Lemma 3.1. Let f±{x,z) = e='=*''^(^)^, and let xi, X2 € C^{X). If z lies on the 
physical sheet of Z and lmfj{z) =tQ>0, then 



Xi-r^o{z)f±X2 
f± 



< 



c 



when \ fj{z)\ is sufficiently large. Moreover, for Imfj(2;) >to>0, 



Xi^Ro{z)f±X2 

f± 



when \ fj{z)\ is sufficiently large. 



< 



C 



L^{X)^L^(X) 
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Proof. Without loss of generality we can assume xi and X2 are independent of y 
and thus it is suffices to consider, for I e N, 



xiT--Roi(z)/±x2 
J± 



L2(X)->L2(x) 



where Roi{z) has Schwartz kernel 



2fi{z) 

The Schwartz kernel of {f±)~^Roi{z)f± is 
We shall show that when Im fj{z) = to 

C 



ifx > x' 
if a; < x'. 



/ / \Ki±{x,y,x',y',z)\'^dYolxdvolx < 
Jx Jx 



Refj{z)\y<^' 



with constant C independent of I, which will prove the first part of the lemma. 

First, notice that on the support of Xii^)X2ix'), the exponential fimction in 
Ki± is bounded independent of L This is because Imf;(2) > and | Iin'rj{z){x—x')\ 
is bounded for x e suppxi, x' e suppx2- Thus, 

(6) \\Ki±{z)\\h < 



\ri{z) 



2 ■ 



When fi ^ fj, we may integrate by parts to see that 



\\Ki±{z) 



1 1,2 



< 



C 



1 



so that 



\\Ki±{^ 



|L2 



< 



c 



\riiz)\- 



\lm{fjiz)-fiiz))\ |n(^)|^ 



■min(l,(|Im(f,(^)-n(,j))|)-i). 



Let fj = s + Uq. Then if fi{z) = u + iv, a computation shows that, with 
kid + and = + VFT4^). 



9 = + s"^ - tn - 



If5< then 



(7) 
Then 



v'>l (-{\s\toy/' + ^{\s\toy/'+4{\s\tor^ 

= {\s\tof/' + 0{{\s\tom. 



\\Ki±{z) 



< 



C 



< 



c 



< 



c 



" \h{z)\''\v-to\ {\s\tofl^{\s\tofn^ " 

when |s| is sufficiently large and Imrj(2;) = to- 



(8) 



If, on the other hand, g > (|s|io)^^^, then we use 

= \{9 + > g > {\s\tof" 
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and 

C C C 

\\Ki±{z)\\l2 < < — < TTirym- 

This finishes the proof of the first part of the lemma. 

To prove the second part of the lemma, first notice that if rj{z) = s + it and 
|s| < 1, then \ f^^2)\'^ — W '^hen t is sufficiently large, so that 

\\Ki±iz)\\h < ^ 

in this region. On the other hand, if |s| > 1, the inequalities ((HJ), Q and © 
together show that when t > to, 

\\Ki±{z)\\h < ^ 



□ 

Fix jo G E. We shall eventually use k = rjg{z) to identify our fixed sheet of 
Z (corresponding to £) with the lower half plane. However, we shall continue to 
use z as a coordinate as well, when it is more convenient. In any case, we restrict 
ourselves to one fixed sheet. 

Lemma 3.2. Fix a sheet of Z with corresponding labeling set £ and let jo G E, 
l,j G £■ If — lm.rj„{z) > a > 0, then for \rj„{z)\ sufficiently large (depending on 
a), 

C C 

\h+-ij{z)\ < jz-r^, \b^+i-j{z)\ < p-^. 

mz)\ \ri{z)\ 

Proof. First we show that in this region, for j G f and x G -^ramp(^)i 

(9) ||e=F^^^(^)^(/ + VRoiw£{z)))-^xe^"^'^"'^'"\\ < C 

when \rjg{z)\ is sufficiently large. 

When \rjg{z)\ is sufficiently large, and x G ^^^^{X) is one on the support 

of F, 

(10) ||xeT*'=^(^)"(/ + V^i?o(w£(z)))-ixe^*'^("'"|| 

OO 

= II J2 eT'^^(^)-(-l)™(T/i?o(u'£(^))x)"xe^''^-(^^1l 

oo 

= II ^(-l)"(eT'^^(^)^Fi?o(^«£(^))xe^*''(")")'"xll 

m— 

< c 

where we are using Lemma 13.11 Using this estimate and the definition of 6^ ij, 

b yij, wc obtain the desired estimates. □ 

We shall need the following bound on the 6_|_+;j(z) and b ij{z). 
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Lemma 3.3. Fix a sheet of Z with corresponding labeling set E, and let jo G £■ If 

lmrj„{z) < —a < 0, l,j G and supp{V) C [— /3,7], then for \rj„{z)\ sufficiently 
large ( depending on a ), 

^g27|Imfj(z)| ^g2/3|Imf,(z)| 

- \h{z)\ ' - |n(z)| • 

Proof. We give the proof for Note that if supp/ C suppF, then supp(/ + 

VRo{w£{z)))~^f C suppF. Recall that <^j±{x,y,z) = e±^^^(^)^</>j(?/). Then as in 
(|1U|I . we obtain that 

||^,+ || = \\{I + VRo{ws{z)))-^V'i>,+ \\ < Ce^li-'^.WI. 

Using this bound and the remark about the support properties of (I-['VRo{ijJ£{z)))~^ , 

1 



2h{z) 



y, z)x{x, y)'^i+{x, y, z)dvolx 

X 



< ^ 2y\lraf,(z)\ 



\fi{z)\ 

for |rjo(z)| sufficiently large, Imrjg{z) < —a. For the last inequality we have also 
used that fi{z) fj{z) as n(z) — > oo. 

A similar argument yields the proof of the bound for b^^ij(z). □ 

Proof of Theorem M.lX We use the coordinate k = rj„ (z) to identify our fixed sheet 
with the lower half plane. Let gi{k) = det(/ + B{z{k))), where n(z(fc)) ^ + 
and z lies on our sheet. Here B{z) is as defined in Q) and (0). Then gi{k) has at 
most a finite number of poles, /ci, fc2, km^ , listed with multiplicity, in Im k < —a. 
Let 

52(fc) = 9i{k){k - ki){k - fcz) • ■ ■ (/c - /c„„) 
and, if g2{—ia) ^ 0, let 

52 (fc) 



If 52 = 0, let 

52(fc)/! 



93{k) 
53 (fc) = 



{k + iaygi'\~ta) 

where / is chosen so that g^\—ia) — if m < I but g2\—ia) ^ 0. Then 
Lemmas 18.21 and 13.31 show that the hypotheses of Theorem 12.11 are satisfied for 
(74 (fc) = .93 (fc — ia), with 

|/ig^(<y9)| < 2 sup \x — x\ card(£)| sin(p|. 

\{:-^,y): (a;',j/')esuppy j 

Recalling that, except possibly for a finite number, the zeros of gzik) correspond 
to the poles of Rviz) in this region, an application of Theorem 12.11 finishes the 
proof. □ 
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4. Determining cv,s and a counterexample 



In this section we prove TheoremO give a counterexample, and give another 
example of a setting in which cv^s can be determined. 

We shall need the following lemma, which is Lemma 4.1 of jlO| . 

Lemma 4.1. Suppose v G has compact support contained in [—1,1], but in 

no smaller interval. Suppose f{x, k) is analytic for k in the lower half plane, and 
for real k we have f{x,k) e L^{[-l,l]dx,Rdk). Then / e^'''^u(x)(l - /(x, fc))da; 
has exponential type at least 1 for k in the lower half plane. 

In the next lemma, we use k — fi{z) as a coordinate, and, fixing a sheet of 
Z, let z{k) be the corresponding point on Z . 

Lemma 4.2. Let X — (— cxd, oo) xY and suppose that the support ofV is contained 
in [—b,b] X Y and the interval [—b,b] cannot be replaced by a smaller one. Suppose 
that 



for some C, e > 0. Fix a sheet of Z on which Im f/(2:) < 0, and choose a so 

that there are no poles of b^^u, b u on this sheet with Imn(z) < —a. Then 

b^-i-ii{z{k)), b ii{z(k)) are functions of type at least 2b for the half-plane Imfc < 

-a, k = fi{z). 

Proof. We give the proof for 6++;;, as the proof for b u is similar. 

Let g{k,x) = e**^^ and £ be the labeling set associated to our fixed sheet of 
Z. Let 



C\Vu{x)\ = C\ f Vix,y)\My)fdvolY\> \Vix,y)l for\x~b\<e, \x + b\<e 



JY 



fi{x,y,k) = 0,(y) 



1 ri 

V{x,y) [g 



[/-[/ + VR„{uj£{z{k)))r^] V<fi+{; z{k)) {x, y) 



OO 



= 0/(y)E(-l)''" {i9r'Ro{u^£{zimVgr<f>i {x,y) 



m— 1 



where the second equahty holds when |A;| is sufficiently large. Then 



b+Mm)^^ I e'^^'^V{x,y)m\y) - f,{x,y,k))dY0\x . 





Let 




and 



f{x,k) 



1 



Xe(a;) / V{x,y)fi{k,x,y)dYo\Y . 



Vii{x) 



Y 
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Note that 

= ^ / e''''-vix){l^fix,k))dx- [ e^'^^l-Xe)V{x,y)h{x,v,k)dYo\x 



2k 



X 



Using and the support properties oiV{l — Xt), the last term on the right is of 
type at most 2b — 2e, and so we need only show that the first integral on the right 
is of type at least 2b. To do this, we will apply Lemma [4. II to b++ii{z{k + ia)). 
We must show that f{x,k) G L'^{[—b,b]dx,M.dk) when Imk = —a. We have 

2 



\f{x,k)\'dx^ I \Vu{x)\''xe{x) 
\x\<b 



V{x,y)fi{k,x,y)dvolY 



dx 



< / / \Vu{x)\-'xe{x)\V{x,y)\'dY0\Y I \hik,x,y)\'dyolYdx 

J|2:|<6 JY 



<C / |/i(fc,x,y)pdvolx 



IX 

By Lemma f3. II when | Refc| is sufHciently large, this is bounded by C\ ReA:|~^/^. 
When |Refc| is in a compact set (with Imfc — —a), it is enough to note that 
/ |/i(fc, y)pdVolx is bounded, so that f{x,k) G L'^{[—b,b]dx,M.dk). Then, ap- 
plying Lemma l4. II after appropriately rescaling, we finish the proof. □ 

Proof of Theorem \l.^ We use k = Tjoi^) = ^io(^) the coordinate. The simplic- 
ity of ly''^ as an eigenvalue of Ay means that the matrix i? is a 2 x 2 matrix 



Jo 

B 



K-lola b lah 



^++lolo O-+I0I0 

Thus det{I + B){z{k)) = [il + b+-i,i,){l + b-+i,i,)-b—i,i,b++i,i„]{z{k))=Mk)- 
Suppose first that ipi (fc) has no poles in the region Im k < —a. If ipi{—ia) ^ 0, 

let 

ipi{k) 



ipi{-ia)' 

If (pi{—ia) — 0, let 

Mm 



(P2{k) = 
f2{k) 



(fc + iaYip^-^"^ 

where I is chosen so that ip''[^\—ia) — if m < I but (pi\—ia) ^ 0. 

Note that by Lemmas IT^ and for s e R, 1^2(5 - ia) = co(l + 0{\s\~^)) 
when \s\ — > 00, for some nonzero constant cq. Moreover, by Lemmas 13 . 21 13 . Jl and 
14.21 1^92 (fc) is a function of type Ab in the half plane Imfc < —a. Then applying 
Theorem 12. II to ip2{k) in the half-plane Imfc < —a, we obtain the result. 

If fi{k) has poles in the region Imfc < —a, they can be handled in the same 
manner as in the proof of Theorem 11.11 □ 

We give a counterexample for Theorem ll.2l Let X = M x , and let V{x, y) = 
Vi(a;)e™^ with Vi{x) e L^j,jp(M) nontrivial and m > an integer. Then on the 
sheet with Imrj(z) < if and only if j = there are no resonances. To see this. 



12 



T. CHRISTIANSEN 



restrict z to this sheet of Z and note that since for integers n Rq commutes with 
projection onto the span of e™^, 

{VRoiiJ{o}{x))YV^o,± = w±,,(x)e™(^+i)^ 
for j = 0, 1, 2, ... . Moreover, 

oo 

when — Imro(2;) > a > and |ro(2;)| is sufficiently large. Therefore, using 
we see that ^±+00(2) = = b±-oo{z) when — Imro(2;) > a > and |?'o(z)| is 
sufficiently large. By analytic continuation, 6j-+oo(2) = = 6±-oo(-2) for all z € Z. 
Thus, by the discussion of Section there are no resonances on the sheet with 
Imrj(z) < if and only if j = 0. 

In Theorem II. 21 we used some knowledge of the potential near the boundary 
of its support to allow us to find cv^£. In the following theorem we again make use 
of the fact that the potential is "controlled" near the boundary of its support. 

Theorem 4.1. Suppose for some potential Vq G L'^^p{X;C), with suppVb C 
[— 6oi^o] ^ Y and for some sheet of Z with corresponding labeling set £ 9 Jq, we 
have 

^{zk : Zk is a pole of Rvg{z) on this sheets 

kjo(^fc)l < ''j ImrjQ(zfc) < -a} = —#{l : I £ £}r + Oa{r) 

for some a > 0. Suppose in addition W G L'^^p{X;C) with suppVF C [— &o + 
e,bo — e] X Y for some e > 0. Then 

4t^{zk '■ Zk is a pole of Rv„+w{z) on this sheet, 

kjo(2fc)l < Im''io(^fe) < = ■ ^ ^ £}r + Oa{r). 

That is, if the resonance-counting function for A + Vq has maximal growth 
rate, so does that for A + Vq + W. 

Proof. In the proof of this theorem, we will add a superscript to the matrix B 
from Section 13 and its entries to indicate to which potential it is associated. That 
is, when |rjo(z)| is sufficiently large, the poles of the resolvent of A + y correspond 
to the zeros of det(/ + (z)) and likewise for Vq. 

In this proof, as previously, we shall sometimes use as coordinate on our sheet 
k = rjg{z), and then z{k) is the corresponding point on our sheet. 

Let V = Vo + W. We shall show that B^(z) = B^°{z) + D{z), with the 
entries dij{z) of D{z) satisfying 

(11) \di,iz)\ < ^L^e^2bo~^^\^mf,iz)\^ 

\ri{z)\ 
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Because of the assumption on the distribution of resonances for A + Vq, det(/ + 
is of type 4&o#{^ : I £ 8} inlmk < —a < 0. Moreover, each entry of 
B^° {zlk)) has type at most 26o and is bounded by C'e2'"'|i™'=l. Then 

det(/ + B^{z{k))) = det(/ + B^°{z{k)) + D{z{k))) 

'g|Imfc|(4fco#{/:/e£}-e) 



= det{I + B^« {z{k))) + O 

Applying Theorem 12. II as in the proof of Theorems 11.11 and 11.21 finishes the proof. 

It remains to show pi|). Note that we may write, when is sufficiently 

large, 

[I+{Vo + W)R^{uj£{z))]-^ = 

[{I + VMU^£{Z)))-^WR0{UJ£{Z))Y^ [I + VMuj£{z))r\ 

Then 

^Y+{z) = {I + VRo{uj£{z))r' {Vo + W)^i+{., z)) 

= {I + VM^£{z))V {Vo^i+{; z)) + {! + VoR^{u£{z)))-^ (VK$,±(., z)) 

oo 



The first term on the right is i^J^(z). The second term is, as in (|1(JII . bounded by 
(-g(bo-e)l inin(2)| _ Agg^jj^ as in Cni), the third term is also bounded by Ce^'"'-')! _ 

'g(2bo-e)| ImrjQ(z)| ■ 



Putting all this into the definition of 6V , we see that 



{■A 



A similar argument works for the other entries of B^ (z), proving (|ll|l . 



□ 



Combining the previous theorem with the results for potential scattering in 
one dimension |10[ [T7| , we obtain the following corollary. 

Corollary 4.1. Let V{x,y) = Vo{x) +W{x,y) £ L'^^^^^^X ; C) , where the support 
of Vq is contained in [~b, b] and in no smaller interval and supp W C [—b + e, 6 — 
e] X Y for some e > 0. Then on any sheet of Z with corresponding labeling set £, 

4f{zk ■ Zk is a pole of the resolvent of /S. + V on this sheets 

46 



for any a > 0. 
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5. Results for half-cylinders 

In this section, we consider half-cylinders X — [0, oo) x Y, with A either 
the Dirichlet or Neumann Laplacian on X. Let V £ L^jjjp(X;C). The resolvent 
(A + — z)~^ has a meromorphic continuation to Z just as in the full cylinder 
case. We give several results analogous to the results for full cylinders. Since the 
proofs are so similar, we only sketch them. 

Let Rq±(z) = (A— be the resolvent for the Neumann (-|-) or Dirichlet (— ) 
Laplacian on X, for z £ Z . Restrict z to one fixed sheet of Z, with corresponding 
labeling set £. Then, following the same argument as in the beginning of Section 
we can show that when | lrRU{u!s{z))\ > \\ Im Vjlioo, the poles of the resolvent 
of A + V correspond to the zeros of det(/ -I- B±{z)). Here we are again using 
for the Neumann Laplacian and "— " for the Dirichlet Laplacian. To define B±{z), 
let 

^±iix, y, z) = ((/ + VRa±{u£{z)))-\V^±i){*, z)) (x, y). 
Then B±{z) = (h±jk{z)) ^^^^ , with 

b±jk{z) ^ ^~ I . \ f±j{x,y,z)<^±k{x,y,z)dvolx ■ 

We obtain the following analog of Theorem ll.il 

Theorem 5.1. Let X = [0, oo) x y and let V e i^„,p(X;C), with suppF C 
[0,6] X Y. Fix a sheet of Z, and suppose that lmrjg{z) < on this sheet. Then, 
there is a constant cv,£ > such that for any a > 0, 

4f{zk ■ Zkis a pole of the resolvent on this sheet, \rj^{zk)\ < r, Imrj„(zfc) < —a} 

= cv^er + Oa{r) 

The constant cy.s depends on the potential V and the sheet. Moreover, 
cy £ < — : Imf;(z) < when z lies on this sheet}. 

TT 

Proof. Just as in the proof of Lemmas 13.21 and 13.31 we can show that on our fixed 
sheet 

Then the proof follows just as the proof of Theorem ll.il □ 

Theorem 5.2. Let X = [0, oo) x Y and suppose that the .support ofV is contained 
in [0, 6] X y and the number b cannot be replaced by a smaller one. Restrict ourselves 
to a sheet of Z with Imrj(z) < if and only if j = jo. Suppose that v"^^ is a simple 
eigenvalue of Ay , with v^^ = af^ . Suppose, in addition, that 



C\Vi„i„{x)\ ^ C\ l^V{x,y)\cj>i„{y)\^dYo\Y\> \V{x,y)\, for\x-b\< 
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for some C, e > 0. Then, for any a > 0, 

^{zk : Zk is a pole of the resolvent on this sheet, \rjg{zk)\ < r, lmrjg{zk) < —a} 

2 

= —br + Oa{r). 

TT 

Proof. In this case B±{z) is a single function, &±ioio- Let k — fio{z) and let z{k) 
be the corresponding point on Z. We have 

b±ioio{z{k)) = ^ ^(e''" ± e-^'n'^i, [[I + VRoiwe{zik)))]-W^i±i., z(fc))] rfvol^ 

= ^^e''"4 [I + VRo{w£izik)))]-Wfi,{.,z{k))dvolx+Oie'\''^^'^). 

Here fig{x,y,z) = e*'''o (^^^^^^ (y), and we have used a bound similar to that of 
Lemnia f3.il to obtain the bound 0(e''l^™'^l) on the rest. Following the technique 
of Lemmas 13 . 21 and 14 . 21 shows that b±igig{z{k)) is an exponential function of type 
2b for Imfc < —a. The proof is completed as in the proof of Theorem II. 21 □ 
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